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In this note we prove a theorem on the existence of certain group extensions 
and use it to construct interesting new examples of division algebras. 
In more detail, we prove, in Section 1, that given a group extension 
where A is free Abelian, Q, finite and acts faithfully on A (via the extension) 
the group algebra KG, over any field Fz, has a total (“classical”) ring of fractions 
K(G) which is an Azumaya algebra and-in the Brauer group of its center K- 
has order precisely equal to the order of 01 in H2(@, A). In particular if G is 
torsion free and char k = 0 then kG is a domain and k(G) a division algebra 
of degree n (where YZ = 1 CD I) and order = order(a). 
Now the question naturally arises: what are the possible 01 - s ? To answer 
this question we prove, in Section 2, the following: for any finite group there 
exists a faithful CD module and an extension 01 E W(@,, A) of order m, with G 
torsion-free, provided only the following (obviously necessary) conditions hold: 
(1) m / n and (2) every prime dividing n divides m. 
Thus we get a wealth of division algebras for which the pair of integers 
(degree, order) = (n, m) are arbitrary provided only m satisfies conditions (1) 
and (2). Such algebras have been constructed before by Brauer [2] but our 
examples are more general, allowing arbitrary groups 0. Probably our construc- 
tion can be generalized to contain Brauer’s. Also examples are obtained in 
positive characteristics although the situation in this case is not really satisfactory. 
Although our examples are “crossed products” it is perhaps conceivable 
that the Brauer class of such a division algebra with a big p-group Sp and order p 
is not a sum of cyclic algebras. If this is the case, this would answer an old 
problem. 
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1. CONSTRUCTING THE ALGEBRAS 
Suppose G is a group which has a normal subgroup A which is free Abelian 
of finite rank m and such that G/A = @ is finite of order n. The extension 
a:O+A--,G+@il 
gives an action of @ on A and we make the following 
ASSUMPTION. The action of @ on A gives a faithful1 representation of @ 
(on A). 
Let K be a field and let KG be the group ring of G over K. Being a finite module 
over the Noetherian commutative ring RA, tzG is a Noetherian ring. One can 
show, furthermore, that kG is a prime ring. Thus by a theorem of Goldie 
kG has a “classical” ring of fractions which is a simple ring. 
In the particular case at hand we can easily prove all this directly as follows. 
Let k(A) = L be the field of fractions of the domain kA. If tl ,..., t, is a basis 
for A then k(A) is the field of rational functions k(t, ,..., t,,), and A is identified 
as the group of monomials in ti and til (in multiplicative notation for A). 
Since @ acts faithfully on A we get an effective action of Cp on L, and L has 
dimension n over the fixed field K = LO. Furthermore, the extension (Y provides 
us with a 2-cocycle f: @ x @ - A; for each x E @ let u, represent x in G 
(with ur = 1) then u, . u, = f (x, y)u,, . Let i: A c+ L* be the inclusion. 
Then i of is a 2-cocycle with values in L*. 
We now have all the necessary ingredients to construct a crossed product: 
a galois extension L/K (with group @) and a cocycle. The resulting algebra, 
denoted B, is a simple algebra with center K. It can be described as CzLvz 
where the elements uo, behave precisely like the U, - s. The subgroup of the 
multiplicative group of B generated by the monomials A and the set {‘u, j x E @} 
generate over k a ring which is easily seen to be isomorphic to the group ring 
kG. Thus KG C B. Furthermore, as B = Cz Lv, , it is obvious that B is a ring 
of fractions of kG and since B is simple it is the total ring of fraction of KG. 
The discussion above gives us something more than just the existence of 
the fractions ring: 
THEOREM 1. (i) KG has a total ring of fractions k(G) which is a simple algebra 
over K = L* of dimension n2 (i.e., of degree n). 
(ii) Considering 01 as an eZement in H2(@, A), i,ol is the algebra class [k(G)] 
in H2(@, L*) C Br(K). (Note that i: A c+ L* is a o-module homomorphism.) 
Next we show that i, preserves the order of 01. Note that i: A -+ L* can 
be factored as the composition 
A cil_ ,4 . k” CL%&*. 
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Clearly ir*(~i) has the same order as in (in fact iI* is injective) so it suffices to 
show that 
i,,: H2(@, A . k*) + Hy@,L*) 
is injective. The exact sequence 1 ---f A . k* ---f L* 4 L*IA . k” + 1 shows 
that it would suffice to prove 
LEMMA 2. Hl(@, LX/A . k*) = 0. 
Proof. As kA is a unique factorization domain, is preserved by @, and 
A . k* is its group of units, it follows that P = L*/A . k* is isomorphic (as a 
@ module) to the free Abelian group on the irreducible elements of kA, deter- 
mined up to units, with @ acting in the obvious way on the basis elements. 
Partitioning the set of irreducible elements of RA into their orbits under @, 
we see that P is the direct sum C Pi where each Pi is a “permutation module,” 
i.e., for some subgroup ‘jb, , 
where @ acts on the cosets x@~ by left multiplication. The lemma will be proved 
once we show that 
H’(@, Pi) = 0, for all i. 
This follows easily from Shapiro’s lemma because, as a left @ module, 
where the E on the right is a trivial ai module. 
The discussion before the lemma shows that we have proved the following: 
THEOREM 3. The order of [k(G)] = t.+01 in Br(K) is equal to the order of 
the extension OT in H2(@, A). 
Actually we have proved that i,: H2(@, A) ---) H2(@,L*) is injective. The 
exact cohomology sequence for 
coupled with Hl(@, L*) = 0 now shows that 
COROLLARY. Hl(@,L*/A) = 0. 
When G is torsion free and k of characteristic 0 it was proved by K. A. 
Brown that KG is a domain. More general results where obtained by Farkas 
and Snider [4] where they prove also that kG is a domain if @ is a p-group 
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and char K = p. It would be nice to be able to remove the restriction on the 
characteristic in Brown’s result, but I have not been able to do so. 
In any case, if kG is a domain then it is easily seen, as above, that its ring 
of fractions K(G) is a division algebra with center K and degree n; by Theorem 3 
we also “know” its order. In view of the applications we state this as a theorem. 
THEOREM 4. If G is torsion free then k(G) is a division algebra if either 
char k = 0 OY char k = p > 0 and CD is a p-group. The order of [k(G)] E Br(K) 
is the same as the order of OL E H2(@, A). 
2. GROUP EXTENSIONS 
To get the most general results by applying Theorem 4 we show in this 
section that the supply of group extensions satisfying the requirements of 
Section 1 is rather big. Recall that the problem is as follows. 
We are given a finite group, Sp, of order n and an integer m such that (1) m j n 
and (2) every prime factor of n divides m. We must jind a Q, module, A, and an 
extension 31 E H2(@, A) such that 
(i) -4s an Abelian group A is free of jinite rank. 
(ii) A1 is a faithful CD module. 
(iii) If 0 -+ A + G --f @ ---f 1 represents 01 then G is torsion free. (We sa-y 
“a is torsion free.“) 
(iv) order a: =-= m. 
A few comments are in order here. Note, first, that condition (2) is necessary 
for a torsion free extension’of order m to exist. This follows from an easy, 
but useful, torsion freeness criterion due to Charlap [3]: 
LEMMA 5. Suppose N is a CD module satisfying (i). A cohomology class 
y E H”(@, N) is torsion free (i.e., represents an extension with torsion free 
middle term) ;f, and only if, the restriction of y to every cyclic subgroup of prime 
order is nonzero. 
Thus if 4 is a prime dividing n = 1 @ 1, @’ a subgroup of order Q and y is 
torsion free, we see that 4 = order(y I @‘) so certainly q 1 order(y). 
Next we show that (ii) is not a real restriction. (This was observed by R. Beyl.) 
LEMMA 6. If there exists a @ module A’ satisfving (i), (iii), and (iv) then 
there exists one, A, satidying (i) through (iv). 
Proof. Let B be any faithful @ module, e.g. iZ@, and let A = A’ @! B 
which clearly satisfies (ii). If iz’ appeared in the extension ol’: 0 + -4’ - 
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G’-P’a, + 1 let G = B - G’ with G’ acting on B through its projection 
onto @, and let G +c di by r(B) = 1 and r j G’ = r’. Clearly ker(rr) = 
A’@ B, G is torsion free, and if j: A ‘C-+A’@B=A by a~+((a,O) then 
j.&=cuwhereor:O+A+G-+~@ + 1. So it is clear that order 01 = order 0~‘. 
We now state the main result: 
THEOREM 7. If CD is a group of order n and m satisfies (l), (2) there exists a 
@ module A satisjying (i) to (iv). 
The proof will be a sequence of lemmas. 
LEMMA 8. If F is u free group and R is a normal subgroup then F/[R, R] 
is torsion free. This result is known to the experts but since the proof is useful 
I give it here. 
Proof. Let H = FIR. We denote [Ii, R] by R’. The sequence 
l+RIR’+FIR’+H+l 
is exact and its kernel, R/R’, is torsion free. If F/R’ has torsion it contains 
a cyclic subgroup of order 4 (say), which projects isomorphically into a subgroup, 
H, 7 of H. Let F1 be the preimage of H, in F. All we need to know is that F1 
is free. We now compare two “presentations” of H, 
p: 1 + R/R’+F,/R’+ H,+ 1 
B,.o- fi 1 : 
. + 
P ----+&-t&+1. 
The vertical arrows exist since F1 is free. Clearly p = 0 (i.e., /3 splits), /3’ # 0 
and f+$ = p’. This is a contradiction. 
LEMMA 9. Let 1 ---f R + F + Cp + 1 be a free presentation. Then 
H2(@, R/R’) = Z/(n). (@ acts on R/R’ by “conjugation” by representatives.) 
Proof. This is also well known: There is an exact sequence [5, p. 1991 
with the middle term a free Z@ module and I denotes augmentation ideal. 
Thus H2(@, R/R’) = H1(@, I@). The exact sequence 0 + I@ -+ ZSP - Z -+ 0 
shows now that Hr(@, I@) = E?-O(@, Z) = Z/(n). 
LEMMA 10. The Abelian extension 0~: 1 ---f R/R’ -+ FIR’ -+ @ --f 1 is a 
generator of H2(@, R/R’). 
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Proof. Let fi be a generator. As in the proof of Lemma 8 we get a com- 
mutative diagram 
iz : l+R/R’+FjR’+@-+l 
f 1 1 
/I: 1 - R/R’ -- H -- Q---f 1 
sof*ol = p. 
It follows that order(a) = n and the lemma is proved. 
Lemma 10 proves Theorem 7 in the case m = la. We can now complete 
the proof, by slightly modifying an argument of Charlap [3, Lemma 2.41. 
Proof of Theorem 7. Let p, ,..., p, be the distinct prime divisors of n, and 
let m = pyl ... p?. For each i = I, 2,..., Y let Qi be a subgroup of @ of order 
pyt, and let Qj , j = r + l,..., s be the cyclic subgroups of prime order not 
contained in any Qpi for i < Y. For each Qi (i <‘Y) let Ai be a Gi module and 
01~ E H2(oi , AJ such that the pair (Ai , CQ) satisfies conditions (i), (iii), and 
order(ol,) = pp. The existence of such pairs follows from Lemma 10. 
Next, for each j = r + l,..., s let Aj be a oj module satisfying (i) and 
cyj E Ha(Qj , A?) a nonzero cohomology class. Finally for j = 1,2,..., s let Aj’ 
be the @ module Z@ &, Aj , let A = @,“=, Aj’ and I,: A,’ + A the obvious 
injection. As 
H2(Qj , Aj) N H2(@, A,‘) 
we identify each aj as an element in H2(@, A,‘). 
We claim that the cohomology class 
a: =- c Ij*cyj 
i 
satisfies (i), (iii), and (iv); by Lemma 6 we can then modify A to satisfy (ii) too. 
Now, (i) and (iv) are trivially checked. To show (iii) let @’ be a subgroup 
of @ of prime order. Then @’ C Qj for some 1 < j < S, and it would suffice 
to show, by Lemma 5, that Ij,aj ! @’ f 0. 
There is a @‘-morphism Aj’ ---f Aj by x5 x @ a, H a, where {x} is a set of 
representatives for cPi in @. It is easily seen that, under this map, ‘Ye (considered 
in H2(@, A,‘)) goes to clj (considered in H2(Gj , A,)) and the restriction to @’ 
is mapped similarly. It is now easily deduced that Ifj,aj 1 @’ # 0. 
This completes the proof. 
Added in proof. All characteristic restrictions (e.g. in Theorem 4) can be dropped, 
see P. A. Linmll, Math. Proc. Camh. Phil. Sot. (1977) Vol. 81, p. 365. Theorem 3 was 
proved by D. Farkas (Paci’c, Vol. 59, p. 427) in 1975. This was brought to my attention 
by R. Snider, to whom I am grateful. 
GROUP EXTENSIONS AND DIVISION ALGEBRAS 303 
ACKNOWLEDGMENTS 
Finally I would like to express my gratitude to R. Beyl M. Dunwoody, M. Knus, and 
U. Stammbach for several very helpful conversations. 
REFERENCES 
1. H. BASS, Euler characteristics and characters of discrete groups, Inuent. Math. 35 
(1976), 155-196. 
2. R. BRAUER, Ueber den Index und den Exponenten von Divisionalgebren, T%oku 
Math. J. 37 (1933), 77-87. 
3. L. S. CHARLAP, Compact flat riemannian manifolds, I, Ann. Math. 81 (1965), 15-30. 
4. D. R. FARKAS AND R. L. SNIDER, K. and Noetherian group rings, 1. Algebra 42 (1976), 
192-198. 
5. P. J. HILTON AND U. STAMMBACH, “A Course in Homological Algebra,” Springer- 
Verlag, Berlin/New York, 1971. 
